IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

On the concepts of Lie and covariant derivatives of spinors. |

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1994 J. Phys. A: Math. Gen. 27 4569
(http://iopscience.iop.org/0305-4470/27/13/030)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.68
The article was downloaded on 01/06/2010 at 21:27

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/27/13
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 27 (1994) 4569-4580. Printed in the UK

On the concepts of Lie and covariant derivatives of spinors:
Part 1
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Abstract. A unified framework for defining Lie and covariant derivatives of spinor fields is
presented, which is applicable without restnction on the spacetime connection. The results
obtained previously by other authors are analysed and compared with the outcomes of this new
formalism.

1. Introduction

The problem of defining the concepts of the Lie and covariant derivatives of a spinor field
has already been approached, sometimes in the context of physical applications, by many
authors [1-25]. Several formalisms, some of which are inequivalent (e.g. [7] and [23]),
exist in the literature. (For a good review, see [22].) However, their common characteristic
is that the question is usually posed in special cases, the Lie derivative Ly of a spinor
being defined exclusively when X is a conformal Killing vecior, and the covariant derivative
Vi, when the connection is compatible with the mefric g (in the sense Vg = 0). It is also
sometimes claimed [23,25] that it is not possible to define, in a geometrically meaningful
manner, these notions in cases more generai than those just stated.

Recently, however, the problem was analysed again [21], and an attempt was made to
define £y in full generality by using group-theoretical methods. This shed light on the
question, in particular on the existence and uniqueness of the operator Ly, and made contact
with some of the existing literature {mainly [5-7,25]) but it did not provide a framework
in which other approaches, such as [23], could be put in perspective.

In the present work, we shall develop precisely such a formalism and we shall show how
it generalizes and unifies all the previous results. It should be emphasized that the existence
of a general formalism is important not only from the point of view of differential geometry
but also for physics, since the covariant derivative of a spinor is essential, for instance,
in the formulation of Dirac’s equation in curved space [11], whereas the Lie derivative is
required to express the spacetime symmetries of theories ([19] and references therein).

The treatment below will be arranged as follows. In section 2, we shall briefly recall
Weyl's method [1] for Lie and covariant derivatives since it shows clearly the origin of
the problem encountered when one tries 10 extend to spinor fields the derivatives defined
for tensor fields. Then, in sections 3 and 4, we shall introduce the general construction.
This will be done in two steps: in section 3, we shali derive the covariant derivative of a
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vector fleld in a non-standard manner which suggests how to extend the concept of covariant
derivative to a spinor field, and this extension itself will be carried out in section 4. Finally,
in section 5, we shall analyse the outcomes and compare them with those from the literature.

It should be noted that the Lie and the covariant derivative may be treated in an
analogous fashion. Therefore, to avoid unnecessary repetitions, we shall restrict attention
to the covariant derivative in sections 2—4. The interpretation of the results in terms of the
Lie derivative are collected in the conclusion and in appendix 1.

2. Weyl’s method for the covariant derivative

The purpose of this brief section is to illustrate the geometrical reason for the difficulty
caused, in general, in defining the parallel transport (and thus the covariant derivative)
of a spinor field. The considerations discussed here will be heuristic but they will prove
enlightening for the more rigorous developments to be presented later.

Spinors are primarily defined in Minkowski space [24], for which the metric reads

g = Nuydx* @dx¥ N = diag(+1, +1, +1, —1} (2.1)
in the natural frame dx* induced by the Cartesian coordinates x*. In a general four-

dimensional manifold M, a (non-holonomic) orthonormal [24] frame ¢ can be chosen,
in such a way that, by definition, the metric is expressed as

g = Nue® @ e® (2.2}
where the caret over the indices emphasizes that an orthonormal frame is employed. The
similarity of (2.2) with (2.1) enables one to extend to manifolds most of the construction of
spinors. (As a convenient abuse of terminclogy, we shall call ‘spinor in the frame ¢’ a
spinor obtained by the usual Minkowski-space construction [24] based on the orthonormal
frame W)

Let ¥ be a spinor field. Weyl's method [1] considers that i is parallel-transported
from a point p to a point ¢ along a vector field X (i.e. along the integral curves of X) iff
the components of ¢ at ¢ in the orthonormal frame "eé.“ ) are the same as the COMPOnEnts
of ¥ at p in the orthonormal frame f®, where "eéﬁ) is the frame obtained by parallel-
transporting ef,’i) along X from p to g. The difference between the parallel-transported
spinor and the value of the spinor ficld at ¢ is essentially, in the limit of 4 tending to p,
Weyl’s covariant derivative V. (See [1, 14, 15] for more details.) It is then clear that this
geometrical method is inapplicable for an arbitrary non-metric-compatible connection (i.e.
a connection satisfying Vg 5% () since a non-metric-compatible connection does not respect
the orthonormality of the frame. In other words, "e,f.ﬁ ) is, in general, not orthonormal even
though €% is.

One type of non-metricity plays a particular role: the one respecting orthogonality
without respecting the norm under parallel transport, with the result that an orthonormal
frame remains orthogonal during parallel transport. This happens when the covariant
derivative of the metric along X is proportional to the metric itself:

Vxg =24(X)g (2.3)
where A denotes a one-form, It is then easily seen that Wey!'s geometrical method can be
adapted to this more general case, which will henceforth be called the ‘conformal case’.
In the context of the Iie derivative, this generalization is found, for instance, in [23),
where the formula analogous to (2.3) is written Ly g = kg. The methods developed in the
following section will enable us to go beyond the the restriction (2.3) while reproducing the
above-mentioned results of [23] in the special case.
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3. Non-standard construction for the covariant derivative of a vector field

This section is devoted to preparing the general formalism for spinorial covariant derivatives
presented in section 4. For this study, the most convenient language is that of fibre
bundles (see, e.g., [26]). In order to fix the notation, however, we shall begin with some
considerations about ordinary tensor calculus. Then, we shall re-interpret the tensorial
covariant derivative in terms of bundles. This is well known, and therefore a brief summary
will suffice. Finally, we shall develop in more detail a non-standard bundle approach to
the covariant derivative of a tensor. This method will prove easy to adapt, in section 4, to
define the concept of covariant derivative of a spinor.

Let MM be a manifold. Let ey, and ¢® denote, respectively, a basis in the tangent
space TAM of MM and the dual of this basis. Then. according to tensor calculus, it is well
known [27] that the covariant derivative operator V acting on the algebra of iensor fields
defined over M is completely determined by the connection components I'*,z defined as

Vaeg) = Ve, e = IV gaey). (3.1)

In general, the connection admits a non-vanishing curvature R, torsion T and non-
metricity H. (See appendix 2 for details.) When the basis ey, the metric g, the non-
metricity & and the torsion T are given, the connection components are also uniquely
determined, and the corresponding expression (B.S5) for ['#,g is found in appendix 2. (This
is a generalization to T # 0 and H # O of the theorem [27] stating that there exists a
unigue metric-compatible, torsion-free connection.)

These connection components ['*,5 of tensor calculus may be re-interpreted, in a
standard manner [26], using fibre bundles. More precisely, if PL{AA) denotes the principal
bundle of frames over M, namely the bundle having as fibre over the point p of M the
set of all frames of T M at p, the structure group (or gauge group) of PL{AM) is GL(4),
the general linear group in four dimensions. A field of frames above AA{ is then a section
of PL{M), and a vector field on M is a linear combination of the basic vectors of this
section. Moreover, in this context, a connection is defined as a one-form .4 over M with
values in the Lie algebra, denoted by gI(4), of the structure group GL{4) and satisfying
certain conditions. It is a well known result [26] that it is always possible to obtain such a
connection .4 in terms of the connection components I'* 3 of tensor calculus as

Agp = Toppe® (3.2)

where the indices o and 8 belong to the Lie algebra of the structure group.
The connection A enables one to define the covariant derivative Vyeg,) of the frame
) along a vector field X as [26]

Vxew = A%o(X)eg, (3.3)

and a treatment [26] similar to Weyl’s method of section 2 yields the covariant derivative
of a vector field V as

VyV = [X(V¥) + A%, (X)V"]eq,- (3.4)

This formula, taken together with (3.2}, is identical to the one given by tensor calculus.
With the metric g at our disposal, we can also construct the principal bundie of
orthonormal frames (with positive orientation) PO*(M). Its fibre over a point p of M
consists of all orthonormal frames of T A1 at p, and its structure group is SO(3, 1) if the
metric has signature + + 4+—. The Lie algebra, denoted by so(3, 1), of the gauge group is
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therefore the algebra of antisymmetric matrices. Consequently the connection components

P44z in an orthonormal frame may be re-interpreted as the connection A of the bundle
formalism by

Asj = Tsgpe® (35)
if and only if ['y4, is antisymmetric in its first two indices. It is proved in appendix 2 that
this is the case if and only if the connection is metric-compatible. If the connection is non-
metric, either we return to the bundle PL(AM), or we employ the non-standard construction
outlined below. The latter approach has the advantage that it is easily adapted to spinors,
and so we proceed as follows.

Consider the manifold M and mwo principal bundles above AM: PL(AM) and POt (M).
Given that it is always possible to express an orthonormal frame ey of the fibre of PO* (M)
above a point p of M as a linear combination of a general frame ¢, of the fibre of PL(AM)
above p, there exists a matrix Af; such that

e = e(‘g)Aﬂa. (3.6

This implies that, for every section o) of PL{M) and ¢ of PO™ (M), there exists a set
of matrices A relating o; to o2 via (3.6). For convenience, we denote by A%g the inverse
matrix of A%z, Under the same transformation, vector components change as

VE = AR v, (3.7)

Let the connection components of tensor calculus be L3, on an orthonormal frame
e, On PO* (M), introduce a connection A given by

Azs = Tape® = (Caoe + Qpva + Hipna)e™® (3.8)

where the last step follows from (B.7) of appendix 2. This is always possible since,
by construction, .A;; is antisymmetric. Furthermore, A leads, by virtue of (3.4), to the
following notion of covariant derivative, denoted by V:

ATV = X (VA + A5 (X VP ey G2

for all vector fields X and V.
On PL(M), introduce a connection B by

B¥,(X) = A3 X (A%, — LH x° (3.10)

where H is the non-metricity defined by (B.2) of appendix 2, and A is the matrix appearing
in (3.6). It leads to the following notion of covariant derivative, denoted by ZV:

ByyV = [X(VH) + B, (X)V"]ew (3.11)

for all vector fields X and V. If the matrix A of (3.6) is us:ed to express in (3.11) the
components V# in terms of the orthonormal components V¥, and ey, in terms of the
orthonormal frame ey, then (3.6), (3.7) and (3.10) imply that (3.11) becomes

BYxV = [X(VE) + BE(X)V ] a1
Ba(X) = —%H&ﬁ{‘;X& = +B;;. '
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Thus we have at our disposal, by virtue of (3.8), (3.9) and (3.12), two notions of
covariant derivative of the orthonormal frame es):

AVxew = 1" (Capp + Qaop + Hamp) X ey 513
FVxewy = —3nt Hygn X e,

It should be noted that, if the connection is metric-compatible, H vanishes, rendering B
redundant. Our formalism then reduces to the usual one (3.3), (3.5) in this instance.

The important point to emphasize at this stage is that, if we define a new covariant
derivative Vye by

Vxew = “Vxeg + PVxeg (3.14)
the new operator V satisfies
Vxem = Cho(X)e = P‘if,ﬁXﬂem) (3.15)

which is identical to the answer assigned by tensor calcubus to the quantity Ve, even if
the connection is non-metric. (When summing the right-hand sides of (3.13) to obtain the
connection coefficient appearing in (3.15), use was made of (B.7) of appendix 2.} Finally,
as soon as it becomes clear that V operates correctly on the frames, there is no difficulty in
obtaining the covariant derivative of a vector field V: one simply adopts (3.4) and replaces
A by C.

In other words, given two sections ¢ and o2 of PL{M) and PO+ (A1) respectively,
we have introduced on these bundles the two connections .4 and B. Each of them possesses
its own covariant derivative AV and 5V. When #VV is transformed into the orthonormal
frames of the section o5, it induces a value for & Ve which has been arranged in such a
way that the sum of 4V and ¥ produces the correct expression for the covariant derivative
of the orthonormal frame e,

Of course. to define the covariant derivative of a vector field V' for a general metric-
incompatible connection, the above construction, with the antisymmetric part of the
connection encoded in .4 and the symmetric part, in B, is unnecessarily complicated. It
would have been possible to introduce immediately the complete connection in the bundle
PL{M) of linear frames without ever requiring the bundle PO(M) of orthonormal
frames. However, to define spinor fields, as we shall do in the next section, the bundie of
orthonormal frames plays a prominent role, and this is why a formalism involving explicitly
this bundle is most appropriate in the case of spinors.

4. General covariant derivative of spinor fields

The framework developed in section 3 for covatiant derivatives of vector fields will now
be adapted to the problem of covariant derivatives of spinor fields. First, we shall briefly
define spinor frames and spinor fields. (This will parallel the introduction of the bundle
PO (M) and of vector fields in section 3.) Then, we shall associate a spinor connection
with each of the two connections A and B of section 3. This will provide us with a general
notion of covariant derivative of a spinor field which will be compared, in section 5, with
the alternative definitions available in the lterature. As in section 3, fibre bundles are the
most convenient language for this study., We emphasize that bundles have been used before
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(e.g. in [2-9]) to shed light on the question; the novelty of the present approach lies in the
use of the decomposition of the connection into the parts .4 and B,

Let PO+ (M) be the bundle of orthonormal frames. Its transition functions [28], which
belong to its structure group SO(3, 1), will be denoted by ¢,;. On the other hand, consider
the spin group SP(4), also denoted [25] by £, For every element s of SP(4), the
transformation ¥;,

Xsx) =svrvs (4.1)

where v means the Clifford product, is an element [25] of SO(3, 1}, the mapping being
two-to-one. The bundle of spin frames PS+(A1) over M is now defined [28] as the unique
principal bundle with transition functions 7#; belonging to SP(4) and given by

X = Lij. (4.2)

Because of the double-valuedness of y,, the bundie PS*(M) is a double covering of
P OT{M). Moreover, an assignment of a family of spin frames over A is defined as a
section of PST{M), and a spinor field over M, as a linear combination of the elements of
the frames of this section. Spin frames will be denoted by &), and their duals, by &),

The mapping x between the groups SP{4) and SO(3,1) induces a Lie-algebra
homomorphism, denoted by x., between the Lie algebras sp(4) and so(3, 1) of these groups.
It is possible to prove [2,25] that x, is invertible and that the element of the Lie algebra
sp(4) associated by x,' with an antisymmetric matrix Fy, of so(3, 1) rcads, when an
orthonormal frame is chosen in the cotangent space 7% AM:

Consider now an irreducible representation y of the Lie algebra sp(4) in the space of
spinors. (All such representations are equivalent [25].) This means that y associates with
every s belonging to sp(4), a linear operator y, transforming a spinor into a spinor, which
implies that y, may be written

v = ) pE" @ dy. (4.4)

In particular, by combining y with x;' of (4.3), one can assoctate with every antisymmetric
matrix Fyy of so(3, 1) an action Ar on spinors as

Ar=Vim = _%Fuv(ye@ O Vet — Ve © Vetir)
= —%F#H(O'uu)MNE(NJ ® E(M) (4.5)

where o denotes the composition of mappings, and the following abbreviations have been
used:

40Py = M ey = PRy = -4, “s
Yy = )y

These considerations now enable us to define the covariant derivative of a spinor field
¥ = YME,y as we did in section 3 for a vector field in the non-standard way. As in (3.4),
we put

Vi = X (M)Eun + D) (4.7)
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in which D(y) denotes the action of the connection on . Following the non-standard
method, we must construct D from the two connections A and B. Moreover, because of
the additivity of .A and B seen in (3.14), we impose

D=D,;+Dg (4.8)

where D4 and Dy describe, respectively, the actions induced by A and & on spinors.
Given that Az;(X) of (3.8) 15 antisymmetric, the operation A 4, of (4.5), (4.6) is well
defined, and we may put

Dy = Auxy = =2 A (X@F) 5 @ &y (4.9)
Consequently, by (4.7)4.9), the covariant derivative reads
Vxy = [X(¥Y) - $ A5 (X *Y vV 18un + D (). (4.10)

It is important to emphasizet that .Asz; of (4.1(0) does, in general, contain terms coming
from the non-metricity H, as it is clear from the contribution Hgge to (3.8), the definition
of Az;. We are, therefore, not constructing the action D4 of (4.9) by ‘lifting to spinors the
metric-compatible connection induced by 4. Had we done so, the metric-incompatibility
H would not have appeared in the definition (4.10), as it does (implicitly) through the
definition (3.8) of Ags.

If we now turn to the construction of Dy of (4.8), we see that a definition similar to (4.9)
is not applicable to B since Byy is symmetric, by virtue of (3,12), and the set of symmetric
matrices does not form a Lie algebra. There can thus be no Lie algebra homomorphism
between this set and the Clifford algebra sp(4). Some authors (e.g. [5-7]) then put

Dy(¥) = “Dp(y) = 0 4.11)

in which the superscript K has been used to distinguish this operator D from another
one defined below. Becanse of the symmetry of Bgp and the antisymmetry of o#?, it is
equivalent to write

KDp = —1 25 (XA &™) @ Eyy. (4.12}

By combining (4.10} and (4.12), and using (3.15), we obtain the final expression for the
covariant derivative KVy:

KVx¥ = [X W Y) — I X4 0P y ¥ 16 ). (4.13)

For a general connection, ¥V js a well-defined operator which reduces to the Weyl covariant
derivative if the connection is metric-compatible, and this formula is the one adopted, e.g.,
in [7] and [21] but is different from that of [23]. (The latter state their results for the
problem of the Lie derivative, but the translation between Lie and covariant derivative is
elementary and can be found in appendix 1.)

It is, however, possible, in contrast with (4.11), to go further than to ‘lift’ trivially, to
spinors, the action of B as 0. If the tensor B;;(X) is decomposed into its irreducible parts
under the subgroups of GL(4), the finest decomposition [29], which pertains to SO (3, 1},
is

Bs(X) = "Bao(X) + T (X

(4.14)
"B (X) = Bpp(X) — T (X 4T(X) = 4 B(X).

1 The authors would like to thank the referee for drawing their attention to the appropriateness of insisting on this
point.
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The explicit expressions for the trace-free part 9B;5(X) and the trace part T (X) read, after
employing (3.12):

OBas(X) = =1 X% Hapo — T (XD -87(X) = X°H ;. (4.15)

The effect of T(X)n,, on an orthonormal frame ez is to respect the orthogonality
while creating an expansion of the base-vectors under paraliel transport along X. More
precisely, by (3.11) the trace part 7 (X )1,y acts on an orthonormal frame as

TVyeq = T(X)ew. (4.16)

This behaviour is equivalent to (2.3) and corresponds to what was called the ‘conformal
case’ in section 2. On the other hand, OB,;B(X) alters the scalar products while respecting
the volume, which corresponds to generating a shear of the basis. The “lift’ denoted by ¥Dp
in (4.11} ignores thus the influence of both expansion and shear on the parallel transport of
spinors.

As far as the shear is concerned, there is no natoral way of ‘lifting’ it to spinors other
than by O since the argument that the symmetric matrices do not form a Lie algebra holds
for the shear as well as for the whole of Bj;;(X) itself. There is, however, a canonical lift
of the conformal part T, as emphasized in section 2. If one considers the action (4.16} of
7 on an orthonormal frame, it is natural to put, for the spin frame &n:

TVxewn = LT (X)éun 4.17

in which the factor 1/2 has been inserted because of the double-valuedness of the covering
of PO*(M) by PS*(M).
These considerations lead us to adopt, for Dy of (4.10), the value

Dj = Dig + Dr = 0+ 3 T(X)éW @ &y (4.18)

where €M) @8,y is easily seen as being the identity operator. By virtue of (4.10) and (4.18),
we have therefore, as alternative expression to (4.13), the following covariant derivative of
a spinor ¥

Ve = (X (M) + [ Az00@ 20, + 3T (X0 51y 1ean.  (4.19)

Alfter substitution into this expression of the explicit form (4.15) for T(X) and (3.15) for
Az (X), there follows

Ve = (XM ~ BT X408y + L XCHP 58M vy oy (4.20)

which is our final expression for the covariant derivative of a spinor ¥. It is now in order
to comment on it and to compare it in more detail with alternative ones available in the
literature. This will now be done in the conclusion.

5. Conclusion

In this work, we presented a new formalism to define the Lie and covariant derivatives of a
spinor field in complete generality. We first fraced, in section 2, the origin of the difficulty
in defining these derivatives to the fact that an orthonormal frame, under Lie or parallel
transport, does not remain orthonormal in general. Then, in section 3, we developed a non-
standard bundle formulation of covariant differentiation of a vector field which consisted
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essentially in expressing on the bundie of orthonormal frames the antisymmetric part of the
connection and the symmetric part, on the bundle of general frames.

It was possible to ‘lift’ canonically the antisymmerric part to the bundle of spin frames
by exploiting the homomorphism between the algebras of the structure groups of the spin
bundle and of the bundle of orthonormal frames. (This had been done before [2-9].) For
the symmefric part, it was seen that no such homomorphism could exist, and therefore it
was necessary to use a different type of ‘lift’.

After decomposing the symmetric part into confributions which are irreducible under
S0(3, 1) and which may be interpreted as the shear and the expansion due to the operation
of parallel transport, it was shown that only the expansion could be ‘lifted’ canonically to
spinors. The final expression for the covariant derivative thus obtained reads

Vi = {(X(¥M) — [Ta X2 (@*)Y y + X0 HP 56% v Yo 5.0
Vye® = —k,. x%.0 Vxg = X¥Hyppe® @
where the definitions of the quantities 24 and Hjao can be proved from (B.2) and (B.3)
in appendix 2.

If the connection is metric-compatibie, the contribution involving H in (5.1) vanishes,
and our definition agrees with Weyl's definition [1] adopted by all the other authors. If the
connection is metric-incompatible, the o™ term in (5.1) is the same as in [7] and [21], but
there is, in addition, the ‘conformal term’ involving 8y, not found in [7] or [21].

For the reason explained in section 2, some authors [23] have given special attention
to the case Vyg = 2A(X)g, for a certain one-form A, which is often claimed to be the
most general situation where the covariant derivative has a geomefrical meaning [25]. In
our formalism, this comresponds to the special value for H

Hagp = 2AaM0. (5.2)
If this expression is substituted into (5.1}, our derivative agrees with that of [23} and, of
course, differs from that of [7] and [21] by the above-mentioned conformal term.

Even in the case of a general H, ie. when H is rot of the form (5.2), an additional
remark may be made about our definition (5.1}, in relation with (5.2): it is possible to
construct, from an arbitrary connection, a unigue conformal one. This is done by assuming
formally that (5.2) holds and constructing A; formally by inverting (5.2) as

8A; = H&ﬂﬁ. (5.3)
This formal A; may then be substituted in the standard definition of the covariant derivative
valid for a conformal connection, for instance in [23). This is not what we are doing here,
as it is easily established from (5.1), (5.3) and (B.7). It is also quite obvious that our
method is bound to be different from ‘mimicking’ a conformal connection since the latter
approach, based on (5.3), uses only the information from the non-metricity Hzpg which is
contained in the contraction Hj? i However, our definition (5.1) uses, in addition to this
contraction, the contribution Hj;p)e which is (implicitly) present in the antisymmetric part
of the connection term I'z54, as can be seen from (B.7). Of course, when the connection
happens to be conformal, we are back to (5.2), and the comments made there apply.

All these considerations can be trivially repeated for the Lie derivative. The development
is briefly sketched in appendix 1. It is sufficient to state here the result;

Lx¥ = (XM + [3Las (0™ y — 417 38" 1y Vean
LyeW® = [ 0 Lxg = (Las+ Loz POF- Y
The explicit expression for Lg; in terms of X is found in appendix 1.

(5.4)
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Appendix I. Results for the Lie derivative

As announced in the main text, the problem of the Lie derivative is almost identical to that
of the covariant derivative, provided a similar formalism is used in both cases. Following
the conventions of [19], we define the Lie derivative by

Lxe® = LA, (A1)
Such an L always exists since the Lie derivative is type-preserving. It is easy to prove [19]
that, in terms of X, this L is given by

LF; = ey (X*) + D e X ¥ (A2)

where the commutation coefficients D are defined in appendix 2. When (A.1) is compared
with Vyxe® of (5.1), the following ‘translation rule’ is found to transform covariant
derivatives into Lie derivatives:

— Tl X8 — LA, (A3)
Furthermore, (A.1) implies that Lxg has the value
Lxg =(Lps+ Log)e® @ e (A4)
which, together with the expression for Vyg of (5.1), yields the second ‘transiation rule’
X% Hgps — Las + Log. (A.5)

The formula {A.4) also implies that X is a Killing vector if and only i L is antisymmetric.
(Details are avilable in [19].) When the two rules (A.3) and (A.5) are applied to the
definition (5.1) of Vi, one finds, for the Lie derivative, the definition given by (5.4).

1t should be noted that the literature seldom uses the quantity L, of (A.1) but expresses
the Lie derivative in terms of the covariant derivative [5-7, 21, 25]). This confuses the issue
since it might seem to imply that the Lie derivative depends on the connection I" through
the covariant derivative, More precisely, some anthors [5-7,21,25] give the following
definitions (in the absence of torsion and non-metricity):

*Lxt = *Vxtr + 1 X0 (6P Ve

V¥ = X (e — §Tase X5 @AMy Ve,
where the semi-colon denotes the tensorial covariant derivative, and the asterisk on the left
has been employed to avoid ambiguities with our operaters of Lie and covariant derivative,

If equations (A.6) are adopted in the general case, one proves easily, after substituting the
explicit form (A.2) for L and (B.5) of appendix 2 for I'z33, that

[X (M) + LLas (@™ W ¥ 18an = *Lx¥ + L(Hyna — Tiana) X2 @)Wy e
(A7)
from which the relationship between *Lx 1 and our definition £x i can be determined.

(A.6)
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Appendix 2. General connections

An arbitrary connection I' put on a manifold exhibits, in general, torsion (7), curvature (R)
and non-metricity (H). If V, e,y and ¢ denote, respectively, the covariant derivative, an
arbitrary basis in the tangent space and the dual of this basis, one may define the relevant
quantities as

T(X,Y) = Vx¥ — VyX — [X, V] =T 3e® @ e @ ¢y (B.1)
H(Z, X, Y) = (Vz8)(X, ¥) = Hop, e @ ¢ @ ¥ (B.2)

Vee(g) = Ve, 28 =T paty) B.3)
lewy, eoy] = DY opeqy)

where X, ¥, Z are vector fields and g is the mefric. (The definition of the curvature R will
not be necessary for what follows and is therefore not reproduced here.)
These relations imply:

Tﬂ’}’ﬁ - Fﬂ!ﬁ)’ = Tﬂﬁ? + Dot,By
rﬂﬁ]’ + Pﬁ“]’ = e(?)(gotﬁ) - Hynf,B (B.4)
Tapy = gaul gy

Those, in turn, yield the explicit expression of the connection I' in terms of g, 7, H and
D:

TCagy = (@By) + Qupy — Kapy
{aBy) =[afyl+ Cusy (Levi-Civita connection)
[eBy) = Z(ey)(gap)) = +lavh) (Christoffel symbol)

Copy = E(Dyap) = —Cpay (non-holonomicity) ®)
Oopy = B(Tyap) = — Opay {contorsion tensor)
Kogy = E(Hyap) = +Kayp {non-metric part)
in which the symbol E applied to a three-index object Wy.s is defined as
2L (Wyep) = Wogp + Waay — Weg,. (B.6)

For the purposes of the construction of the general covariant derivative of a spinor field,
it is convenient to decompose the connection coefficients I'yg, of (B.5) in terms of their
symmetric and antisymmetric parts I'gy. and g, respectively as

2lpyp = Dapp + Ugap = €y (8ap) — Hyuap ®7)

Clape = %(rwﬁu — Pap) = —eqay(8p1u) + Capu + Copu + Hiapip-

In the special case where an orthonormal frame is selected at each point, the metric is
constant and therefore drops out of {(B.7) completely. In addition, the symumetric part T'gy,
vanishes then iff the connection is metric-compatible. It is important to emphasize that, to
distinguish tensorial components in an orthonormal frame from those in an arbitrary one,
the former will be surmounted by a caret. Thus, I'z4, denotes the orthonormal components
of the connection, whereas I',5, denotes arbitrary components.
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